On The Extended Incomplete Pochhammer Symbols and Hypergeometric
  Functions by Parmar, Rakesh Kumar & Raina, R. K.
ar
X
iv
:1
70
1.
04
15
9v
1 
 [m
ath
.C
A]
  1
6 J
an
 20
17
ON THE EXTENDED INCOMPLETE POCHHAMMER SYMBOLS AND
HYPERGEOMETRIC FUNCTIONS
RAKESH K. PARMAR† AND R.K. RAINA‡,¶
Abstract. In this paper, we first introduce certain forms of extended incomplete Pochhammer
symbols which are then used to define families of extended incomplete generalized hypergeo-
metric functions. For these functions, we investigate various properties including the integral
representations, derivative formula, certain generating function and fractional integrals (and
derivatives) relationships. Some special cases of the main results are also deduced.
1. Introduction and Preliminaries
Extensions, generalizations and unifications of Euler’s Gamma function together with the set of
related higher transcendental special functions were studied recently by Chaudhry and Zubair in
[3]. In particular, Chaudhry and Zubair [2, p. 100, Eqns. (4-5)] presented the p–extension of the
familiar incomplete Gamma functions γ(ν, x) and Γ(ν, x) by
γ(ν, x; p) :=
∫ x
0
tν−1 e−t−
p
t dt (ℜ(p) > 0; p = 0, ℜ(ν) > 0) (1.1)
and
Γ(ν, x; p) :=
∫
∞
x
tν−1 e−t−
p
t dt (ℜ(p) > 0), (1.2)
respectively, satisfying the following decomposition formula:
γ(s, x; p) + Γ(s, x; p) ≡ Γp(s) =
∫
∞
0
ts−1 e−t−
p
t dt = 2ps/2Ks (2
√
p) (ℜ(p) > 0), (1.3)
where Kν(x) denotes the familiar modified Bessel function [4].
In this paper, we first introduce the family of the extended incomplete Pochhammer sym-
bols (λ;x, p)ν and [λ;x, p]ν by means of generalized incomplete Gamma functions γ(s, x; p) and
Γ(s, x; p), respectively. We then derive its useful properties and make use of it to define and inves-
tigate the family of the extended incomplete hypergeometric functions rγ
p
s (z) and rΓ
p
s(z) with
r numerator and s denominator parameters. For these extended incomplete hypergeometric func-
tions, we derive various integral representations involving higher transcendental functions. We also
derive a derivative formula, certain generating function relationships and fractional integrals (and
derivatives) involving the extended incomplete hypergeometric functions. For other investigations
on the subject and related areas, one may also refer to the works in [1, 7, 6, 9, 10].
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2. The Extended Incomplete Pochhammer Symbols
In terms of the generalized incomplete Gamma functions γ(s, x; p) and Γ(s, x; p) defined by
(1.1) and (1.2), respectively, the new forms of the Pochhammer symbols (λ;x, p)ν and [λ;x, p]ν
(λ; ν ∈ C; p ≧ 0) may be defined by
(λ;x, p)ν :=
γ(λ+ ν, x; p)
Γ(λ)
(λ, ν ∈ C; p ≧ 0) (2.1)
and
[λ;x, p]ν :=
Γ(λ+ ν, x; p)
Γ(λ)
(λ, ν ∈ C; p ≧ 0). (2.2)
Obviously, then these new forms of the Pochhammer symbols (λ;x, p)ν and [λ;x, p]ν then satisfy
the following decomposition relation:
(λ;x; p)ν + [λ;x; p]ν ≡ (λ; p)ν :=


Γp(λ + ν)
Γ(λ)
(ℜ(p) > 0; λ, ν ∈ C)
∫
∞
0 t
λ+ν−1 e−t−
p
t dt (ℜ(p) > 0).
, (2.3)
where (λ; p)ν is the generalized Pochhammer symbol ([6, p. 485, Eqn. (8)]).
In view of the relations (1.1), (2.1) and (1.2), (2.2), we can at once have the integral represen-
tations of the new forms of the Pochhammer symbols contained in the following lemma.
Lemma 1. For ℜ(p) > 0, we have the following integral representations for (λ;x, p)ν and [λ;x, p]ν :
(λ;x, p)ν :=
1
Γ(λ)
∫ x
0
tλ+ν−1 e−t−
p
t dt (2.4)
and
[λ;x, p]ν :=
1
Γ(λ)
∫
∞
x
tλ+ν−1 e−t−
p
t dt. (2.5)
Also, by writing the relations (2.1) and (2.2) as
(λ;x, p)ν =
Γ(λ+ ν)
Γ(λ)
γ(x, p, ν)
Γ(λ+ ν)
and [λ;x, p]ν =
Γ(λ+ ν)
Γ(λ)
Γ[x, p, ν]
Γ(λ+ ν)
,
we have the following lemma for the extended incomplete Pochhammer symbols (2.1) and (2.2).
Lemma 2. Let λ ∈ C;m,n ∈ N0 and ℜ(p) > 0, then for (λ;x, p)ν and [λ;x, p]ν , we have
(λ;x, p)n+m = (λ)n (λ+ n;x, p)m (2.6)
and
[λ;x, p]n+m = (λ)n [λ+ n;x, p]m. (2.7)
3. The Extended Incomplete Hypergeometric Functions
In terms of the extended incomplete forms of the Pochhammer symbols (λ;x, p)ν and [λ;x, p]ν
defined, respectively, by (2.1) and (2.2), we introduce two families of the extended incomplete
generalized hypergeometric functions rγ
p
s (z) and rΓ
p
s(z), respectively, involving r-numerator and
s-denominator parameters as follows:
rγ
p
s (z) = rγs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
=
∞∑
n=0
(α1;x, p)n(α2)n · · · (αr)n
(β1)n · · · (βs)n
zn
n!
(3.1)
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and
rΓ
p
s(z) = rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
=
∞∑
n=0
[α1;x, p]n(α2)n · · · (αr)n
(β1)n · · · (βs)n
zn
n!
, (3.2)
where α1, . . . , αr ∈ C and β1, . . . , βs ∈ C \ Z−0 provided that the series on the right-hand side of
(3.1) and (3.2) converge.
Following (2.3), these families of extended incomplete generalized hypergeometric functions
satisfy the following decomposition formula:
rγs
[
(α1, x; p), α2, . . . , αr;
β1, . . . , βs;
z
]
+ rΓs
[
(α1, x; p), α2, . . . , αr;
β1, · · · , βs;
z
]
=
∞∑
n=0
(α1; p)n(α2)n · · · (αr)n
(β1)n · · · (βs)n
zn
n!
= rFs
[
(α1, p), α2, . . . , αr;
β1, . . . , βs;
z
]
, (3.3)
which is an extension of the generalized hypergeometric function rFs(z) studied in ([6, p. 487,
Eq. (15)]). In view of the decomposition formula (3.3), it is sufficient to discuss the proper-
ties and characteristics of the extended incomplete generalized hypergeometric functions rΓ
p
s(z).
The corresponding extensions of the incomplete Gaussian hypergeometric function 2Γ
p
1(z) and the
confluent (Kummer’s) hypergeometric function 1Γ
p
1(z) can, respectively, be expressed by
2Γ
p
1(z) = 2Γ1
[
(α, x; p), β;
γ;
z
]
=
∞∑
n=0
[α;x, p]n(β)n
(γ)n
zn
n!
(3.4)
and
1Γ
p
1(z) = 1Γ1
[
(α, x; p);
γ;
z
]
=
∞∑
n=0
[α;x, p]n
(γ)n
zn
n!
. (3.5)
Theorem 1. The following integral representation for rΓ
p
s(z) defined by (3.2) holds true:
rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
=
1
Γ(a1)
∫
∞
x
ta1−1 e−t−
p
t r−1Fs
[
α2, · · · , αr;
β1, · · · , βs;
zt
]
dt (3.6)
(ℜ(p) > 0; ℜ(a1) > 0 when p = 0 and x = 0).
Proof. Using the integral representation of the extended incomplete Pochhammer symbol [a1;x, p]n
defined by (2.5) and then changing the order of summation and integration, we obtain
rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
=
1
Γ(α1)
∫
∞
x
tα1−1e−t−
p
t
∞∑
n=0
(α2)n · · · (αr)n
(β1)n · · · (βs)n
(zt)n
n!
dt, (3.7)
which is precisely the second member of the assertion (3.6). This establishes Theorem 1. 
Theorem 2. The following integral representation for rΓ
p
s(z) defined by (3.2) holds true:
rΓs
[
(α1, x; p), α2, · · · , αr−1, β;
β1, · · · , βs−1, γ;
z
]
=
1
B(β, γ − β)
∫ 1
0
tβ−1(1− t)γ−β−1
× r−1Γs−1
[
(α1, x; p), α2, · · · , αr−1;
β1, · · · , βs−1;
zt
]
dt (3.8)
(ℜ(p) > 0; ℜ(γ) > ℜ(β) > 0 when p = 0 and x = 0).
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Proof. By considering the following elementary integral form of the Beta function B(α, β):
(β)n
(γ)n
=
B(β + n, γ − β)
B(β, γ − β) =
1
B(β, γ − β)
∫ 1
0
tβ+n−1(1 − t)γ−β−1 dt,
(ℜ(γ) > ℜ(β) > 0)
in the left-hand side of (3.8) and using (3.2), we get the desired integral representation (3.8). 
The following corollaries are easy consequences of the results (3.4) and (3.5).
Corollary 2.1. Each of the following integral representation for 2Γ
p
1(z) and 1Γ
p
1(z) in (3.4) and
(3.5) holds true:
2Γ1
[
(α, x; p), β;
γ;
z
]
=
1
Γ(α)
∫
∞
x
tα−1 e−t−
p
t 1F1
[
β;
γ;
zt
]
dt, (3.9)
1Γ1
[
(α, x; p);
γ;
z
]
=
1
Γ(α)
∫
∞
x
tα−1 e−t−
p
t 0F1
[
;
γ;
zt
]
dt (3.10)
and
2Γ1
[
(α, x; p), β;
γ;
z
]
=
1
B(β, γ − β)
∫ 1
0
tβ−1(1 − t)γ−β−1 1Γ0
[
(α, x; p);
;
zt
]
dt. (3.11)
The well known Laguerre polynomial L
(α)
n (x) of order (index) α and degree n in x, the incomplete
Gamma function γ(k, x) and the Bessel function Jν(z) are, respectively, expressible in terms of the
hypergeometric functions by (see, e.g., [4])
L(α)n (x) =
(α+ 1)n
n!
1F1(−n;α+ 1;x), (3.12)
1F1(κ;κ+ 1;−x) = κx−κ γ(κ, x) (3.13)
and
Jν(z) =
( z2 )
ν
Γ(ν + 1)
0F1
(
; ν + 1;−1
4
z2
)
(ν ∈ C \ Z−). (3.14)
Now, applying the relationships (3.12) and (3.13) to (3.9) and (3.14) to (3.10), we obtain integral
representations for the extended incomplete hypergeometric functions defined by (3.4) and (3.5),
which are asserted by the Corollary 2.2 below.
Corollary 2.2. Each of the following integral representations hold true:
2Γ1
[
(α, x; p),−m;
γ + 1;
z
]
=
m!
(γ + 1)mΓ(α)
∫
∞
x
tα−1 e−t−
p
t L(γ)m (zt)dt (3.15)
2Γ1
[
(α, x; p), β;
β + 1;
− z
]
=
β z−β
Γ(α)
∫
∞
x
tα−β−1 e−t−
p
t γ(β, zt) dt, (3.16)
and
1Γ1
[
(α, x; p);
γ + 1;
− z
]
=
Γ(γ + 1)
Γ(α)
z−
γ
2
∫
∞
x
tα−
γ
2
−1 e−t−
p
t Jγ(2
√
zt)dt (3.17)
provided that the integrals involved are convergent.
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Since the incomplete gamma function γ(α, x) is connected to the error function erf(
√
z) by
means of the relation (see, e.g., [4]):
γ
(
1
2
, x
)
=
√
pi erf(
√
z), (3.18)
therefore, by applying the relationship (3.18) to (3.16) with β = 12 , we get the following integral
representation for the extended incomplete hypergeometric function (3.4).
Corollary 2.3. The following integral relationship in terms of the error function erf(z) holds true:
2Γ1
[
(α, x; p), 12 ;
3
2 ;
− z
]
=
1
Γ(α)
√
pi
z
∫
∞
x
tα−
3
2 e−t−
p
t erf(
√
zt) dt (3.19)
Theorem 3. The following derivative formulas hold true:
dn
dzn
{
rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]}
=
(α1)n · · · (αr)n
(β1)n · · · (βs)n rΓs
[
(α1 + n, x; p), α2 + n, · · · , αr + n;
β1 + n, · · · , βs + n;
z
]
. (3.20)
provided that each member of the assertion (3.20) exists.
Proof. Differentiating (3.2) with respect to z and then replacing n 7→ n+ 1 in the right-hand side
term, we get
d
dz
{
rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]}
=
∞∑
n=0
[α1;x, p]n+1(α2)n+1 · · · (αr)n+1
(β1)n+1 · · · (βs)n+1
zn
n!
=
α1α2 · · ·αr
β1β2 · · ·βs rΓs
[
(α1 + 1, x; p), α2 + 1, · · · , αr + 1;
β1 + 1, · · · , βs + 1;
z
]
, (3.21)
where we have used the identity (2.6). Repeated procedure n-times gives the formula (3.20). 
4. Certain Generating Functions
In order to derive certain generating functions, we find it to be convenient to choose the abbre-
viated notation ∆(N ;λ) which stands for the array of N -parameters:
λ
N
,
λ+ 1
N
, · · · , λ+N − 1
N
(λ ∈ C; N ∈ N),
the array ∆(N ;λ) is understood to be empty when N = 0. We first establish the following
generating function. For p = x = 0, the corresponding deduced results below are mentioned in [8].
Theorem 4. Let p ≧ 0; | t |< 1;λ ∈ C;N ∈ N, then
∞∑
n=0
(λ)n
n!
r+NΓs
[
∆(N ;λ+ n), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
tn
= (1− t)−λ r+NΓs
[
∆(N ;λ), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
(1− t)N
]
(4.1)
provided that each member of (4.1) exists.
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Proof. Let S be the left-hand side of (4.1). Using (3.2), we have
S =
∞∑
n=0
(λ)n
n!
(
∞∑
m=0
(λ + n)Nm[α1;x, p]m(α2)m · · · (αr)m
(β1)m · · · (βs)m
zm
m!
)
tn
=
∞∑
m=0
(λ)Nm[α1;x, p]m(α2)m · · · (αr)m
(β1)m · · · (βs)m
zm
m!
(
∞∑
n=0
(λ+Nm)n
tn
n!
)
, (4.2)
where we have changed the order of summation and used the identity:
(λ)n(λ + n)Nm = (λ)Nm(λ+Nm)n.
Applying now the binomial summation:
(1− t)−λ−Nm =
∞∑
n=0
(λ+Nm)n
n!
tn (|t| < 1)
in (4.2) and using again (3.2), we arrive at the desired result (4.1) of Theorem 4. 
Theorem 5. Each of the following generating functions hold true:
∞∑
n=0
(λ)n
n!
r+NΓs
[
∆(N ;−n), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
tn
= (1− t)−λ r+NΓs
[
∆(N ;λ), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
(
− t
(1− t)
)N]
, (4.3)
∞∑
n=0
(λ)n
n!
r+2NΓs
[
∆(N ;−n),∆(N ;λ+ n), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
tn
= (1 − t)−λ r+2NΓs
[
∆(2N ;λ), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
(
− 4t
(1− t)2
)N]
(4.4)
and
∞∑
n=0
(λ)n
n!
r+NΓs+N
[
∆(N ;−n), (α1, x; p), α2, · · · , αr;
∆(N ; 1− λ− n), β1, · · · , βs;
z
]
tn
= (1− t)−λ rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
ztN
]
, (4.5)
provided that (p ≧ 0; | t |< 1;λ ∈ C;N ∈ N) such that each member of the assertions (4.3) to (4.5)
exist.
Proof. The generating functions (4.3) to (4.5) can be established by following the method of deriva-
tion of the generating function (4.1). The details can thus be omitted. 
Lastly, we give a simple consequence each of Theorem 4 and Theorem 5. For N = 1, (4.1) of
Theorem 4 and (4.5) of Theorem 5 give the following generating functions.
∞∑
n=0
(λ)n
n!
r+1Γs
[
λ+ n, (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
tn
= (1− t)−λ r+1Γs
[
λ, (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
1− t
]
(4.6)
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and
∞∑
n=0
(λ)n
n!
r+2Γs
[
−n, λ+ n, (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
z
]
tn
= (1 − t)−λ r+2Γs
[
∆(2;λ), (α1, x; p), α2, · · · , αr;
β1, · · · , βs;
− 4zt
(1− t)2
]
. (4.7)
5. Fractional Calculus Approach
In this section, we deduce the formulas for the Riemann-Liouville fractional integral Iµa+ and
the fractional derivative Dµa+ operators for the rΓ
p
s(z) in (2.2)(see, e.g., [5]):
(
I
µ
a+ϕ
)
(y) =
1
Γ(µ)
∫ x
a
ϕ(t)
(y − t)1−µ dt
(
µ ∈ C, ℜ(µ) > 0) (5.1)
and (
D
µ
a+ϕ
)
(y) =
(
d
dy
)n (
I
n−µ
a+ ϕ
)
(y)
(
µ ∈ C, ℜ(µ) > 0; n = [ℜ(µ)] + 1), (5.2)
where [y] means the greatest integer not exceeding real y.
Theorem 6. Let a ∈ R+ = [0,∞); ρ, µ, ω ∈ C and ℜ(ρ) > 0, ℜ(µ) > 0, ℜ(p) > 0. Then, for
y > a, the following relations hold true:(
I
µ
a+
{
(t− a)ρ−1 rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
ω(t− a)
]})
(y)
=
(y − a)ρ+µ−1Γ(ρ)
Γ(ρ+ µ)
r+1Γs+1
[
(α1, x; p), α2, · · · , αr, ρ;
β1, · · · , βs, ρ+ µ;
ω(y − a)
]
, (5.3)
and(
D
µ
a+
{
(t− a)ρ−1 rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
ω(t− a)
]})
(y)
=
(y − a)ρ−µ−1Γ(ρ)
Γ(ρ− µ) r+1Γs+1
[
(α1, x; p), α2, · · · , αr, ρ;
β1, · · · , βs, ρ− µ;
ω(y − a)
]
(5.4)
Proof. Making use of (5.1) and (2.2) and applying term-by-term fractional integration by virtue
of the formula [5]:
(
Iαa+[(t− a)β−1]
)
(y) =
Γ(β)
Γ(α+ β)
(y − a)α+β−1 (α, β ∈ C, ℜ(α) > 0, ℜ(β) > 0) (5.5)
we get for y > a:(
I
µ
a+
{
(t− a)ρ−1 rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
ω(t− a)
]})
(y)
=
∞∑
m=0
[α1;x, p]m(α2)m · · · (αr)m
(β1)m · · · (βs)m
ωm
m!
(
I
µ
a+
{
(t− a)ρ+m−1})
=
(y − a)ρ+µ−1Γ(ρ)
Γ(ρ+ µ)
r+1Γs+1
[
(α1, x; p), α2, · · · , αr, ρ;
β1, · · · , βs, ρ+ µ;
ω(y − a)
]
. (5.6)
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Next, by using (5.2) and (2.2) and taking into account (5.3), with µ replaced by n− µ, we have(
D
µ
a+
{
(t− a)ρ−1 rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
ω(t− a)
]})
(x))
=
(
d
dy
)n(
I
n−µ
a+
{
(t− a)ρ−1 rΓs
[
(α1, x; p), α2, · · · , αr;
β1, · · · , βs;
ω(t− a)
]})
(y)
=
(
d
dy
)n{
(y − a)ρ+n−µ−1Γ(ρ)
Γ(ρ+ n− µ) r+1Γs+1
[
(α1, x; p), α2, · · · , αr, ρ;
β1, · · · , βs, ρ+ n− µ;
ω(y − a)
]}
=
Γ(ρ)
Γ(ρ+ n− µ)
∞∑
m=0
[α1;x, p]m(α2)m · · · (αr)m(ρ)m
(β1)m · · · (βs)m(ρ+ n− µ)m
ωm
m!
(
d
dy
)n
(y − a)ρ+n−µ+m−1
(5.7)
Differentiating (5.7) term-by-term and using again (2.2), we are led to the desired result (5.4). 
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